Abstract. Barbosa, do Carmo and Eschenburg characterized the totally umbilical spheres as the only weakly stable compact constant mean curvature hypersurfaces in the Euclidean sphere S n+1 . In this paper we prove that the weak index of any other compact constant mean curvature hypersurface M n in S n+1 which is not totally umbilical and has constant scalar curvature is greater than or equal to n + 2, with equality if and only if M is a constant mean curvature Clifford torus S k (r) × S n−k ( √ 1 − r 2 ) with radius k/(n + 2) r (k + 2)/(n + 2).
Introduction
Let ψ : M n → S n+1 ⊂ R n+2 be a compact immersed orientable hypersurface of the unit Euclidean sphere S n+1 . We will denote by A its second fundamental form (with respect to a globally defined normal unit vector field N ) and by H its corresponding mean curvature, H = (1/n)tr(A). Then, every smooth function u ∈ C ∞ (M ) induces a normal variation ψ t of the immersion ψ, with variational normal field uN and first variation of the area functional A(t) given by
where dv stands for the area element of M . As a consequence, minimal hypersurfaces (H = 0) are characterized as critical points of the area functional whereas constant mean curvature hypersurfaces can be viewed as critical points of the area functional restricted to variations that preserve a certain volume function, that is, to smooth functions u with mean value zero, M udv = 0. For such critical points, the stability equation of the corresponding variational problem is given by the second variation of the area functional,
with J(u) = ∆u + (|A| 2 + n)u, where ∆ stands for the Laplacian operator on M . The operator J = ∆ + |A| 2 + n is called the Jacobi or stability operator of the hypersurface (for the details see [2] ).
The Jacobi operator induces the quadratic form Q(u) = − M uJ(u)dv acting on the space C ∞ (M ) of smooth functions on M . In the case of minimal hypersurfaces, the index of a minimal hypersurface M , Ind(M ), is defined as the maximum dimension of any subspace V of C ∞ (M ) on which Q is negative definite. Equivalently, Ind(M ) is the number of negative eigenvalues of J (counted with multiplicity), which is necessarily finite and, intuitively, it measures the number of independent directions in which the hypersurface fails to minimize the area.
1 If Ind(M ) = 0, then M is said to be stable.
Using u ≡ 1 as a test function, one observes that
In particular, Ind(M ) 1 for every minimal hypersurface in S n+1 , which means that there is no stable one. Even more, in [8] Simons proved that Ind(M ) = 1 if and only if M is a totally geodesic equator S n ⊂ S n+1 . It seems natural to ask oneself about the index of other minimal hypersurfaces in S n+1 . Using the coordinates of the unit normal field N as test functions, it is not difficult to see that if M is not a totally geodesic equator, then Ind(M ) n + 3 (see [9] for n = 2, and [5] and [7, Lemma 3 .1] for general n). On the other hand, apart from the totally geodesic equators, the easiest minimal hypersurfaces in S n+1 are the minimal Clifford tori, and they all have Ind(M ) = n + 3. For that reason it has been conjectured for a long time that minimal Clifford tori are the only minimal hypersurfaces in S n+1 with Ind(M ) = n + 3. In [9] , Urbano showed that the conjecture is true when n = 2. Later on, Guadalupe, Brasil Jr. and Delgado [6] showed that the conjecture is true for every dimension n, under the additional hypothesis of constant scalar curvature of M . More recently, Perdomo [7] proved that the conjecture is also true for every dimension n with an additional assumption about the symmetries of M , and, in particular, the conjecture is true for minimal hypersurfaces with antipodal symmetry.
Our objective here is to consider the same kind of problems for the case of constant mean curvature hypersurfaces in S n+1 . In [2] , Barbosa, do Carmo and Eschenburg characterized the totally umbilical spheres S n (r) ⊂ S n+1 as the only weakly stable compact constant mean curvature hypersurfaces in S n+1 (see the next section for the precise meaning of weak stability and weak index ). Then, our main result (Theorem 1) establishes that the weak index of any other compact constant mean curvature hypersurface M n in S n+1 which is not totally umbilical and has constant scalar curvature is greater than or equal to n + 2, with equality if and only if M is a constant mean curvature Clifford torus
Stability and index of constant mean curvature hypersurfaces
In contrast to the case of minimal hypersurfaces, in the case of hypersurfaces with constant mean curvature one can consider two different eigenvalue problems: the usual Dirichlet problem, associated with the quadratic form Q acting on the whole space of smooth functions on M , and the so-called twisted Dirichlet problem, associated with the same quadratic form Q, but restricted to the subspace of smooth functions u ∈ C ∞ (M ) satisfying the additional condition M udv = 0. Similarly, there are two different notions of stability and index, the strong stability and strong index, denoted by Ind(M ) and associated to the usual Dirichlet problem, and the weak stability and weak index, denoted by Ind T (M ) and associated to the twisted Dirichlet problem. Specifically, the strong index is simply the maximum dimension of any subspace V of C ∞ (M ) on which Q is negative definite, and M is called strongly stable if and only if Ind(M ) = 0. On the other hand, the weak index is the maximum dimension of any subspace
, and M is called weakly stable if and only if Ind T (M ) = 0. As observed by Barbosa and Bérard [1] , both eigenvalue problems are interesting and they have similar and related properties. We refer the reader to [1] for a detailed study of the relationship between these two eigenvalue problems and their corresponding stability and index notions.
From a geometrical point of view, the weak index is more natural than the strong index. However, from an analytical point of view, the strong index is more natural and easier to use. For instance, observe that for a hypersurface with constant mean curvature H in S n+1 the Jacobi operator can be written as J = ∆+|φ| 2 +n(1+H 2 ), where Therefore, using again u ≡ 1 as a test function for estimating Ind(M ), one observes that
In particular, Ind(M ) 1 for every constant mean curvature hypersurface in S n+1 , which means that no constant mean curvature hypersurface is strongly stable.
Constant mean curvature hypersurfaces with low index in S n+1
In [2] Barbosa, do Carmo and Eschenburg characterized the totally umbilical spheres S n (r) ⊂ S n+1 as the only weakly stable compact hypersurfaces with constant mean curvature in S n+1 . Equivalently, Ind T (M ) = 0 for the totally umbilical spheres in S n+1 , and Ind T (M ) 1 for the rest of the constant mean curvature compact hypersurfaces of S n+1 . Apart from the totally umbilical spheres, the easiest constant mean curvature hypersurfaces in S n+1 are the constant mean curvature Clifford tori. A constant mean curvature Clifford torus in S n+1 is obtained by considering the standard immersions
, for a given radius 0 < r < 1 and integer k ∈ {1, . . . , n − 1}, and taking the product immersion
Its principal curvatures are given by
and its constant mean curvature H = H(r) is given by
In particular, H(r) = 0 precisely when r = k/n, which corresponds to the minimal Clifford tori above. For the constant mean curvature Clifford tori, one gets
In particular, the spectrum of J is directly related to the spectrum of ∆; specifically, they share the same eigenfunctions, and their eigenvalues are related by
As a consequence, using that λ To compute it, we simply need to recall the fact that if λ is an eigenvalue of the Laplacian on S k (r) with multiplicity m λ and µ is an eigenvalue of the Laplacian on S n−k ( √ 1 − r 2 ) with multiplicity m µ , then ν = λ + µ is an eigenvalue of the
, and the multiplicity of ν is the sum of the products m λ m µ for all the possible values of λ and µ satisfying ν = λ + µ [3] . In our case, the eigenvalues of the Laplacian on S k (r) are
with multiplicities m λ 1 = 1, ,m λ 2 = k + 1, and
and the eigenvalues of the Laplacian on
with multiplicities
and n + 2 for every constant mean curvature Clifford torus. Moreover, Ind T (M ) = n + 2 precisely when
Observe that, in particular, this happens when r 2 = k/n, so that the minimal Clifford tori satisfy Ind T (M ) = n + 2 when regarded as constant mean curvature hypersurfaces.
Motivated by the value of Ind T (M ) for the constant mean curvature Clifford tori, in this paper we will prove the following result. 
Theorem 1. Let M be a compact orientable hypersurface immersed in the Eu
It is worth pointing out that the value of the index of the constant mean curvature Clifford tori S k (r) × S n−k ( √ 1 − r 2 ) converges to infinity as r converges either to 0 or 1. For that reason, it is not possible, in general, to find a characterization of all constant mean curvature Clifford tori in terms of their index. Actually, it can be easily seen that for every i, j 3,
,
where {a j } 0 and {b i } 1. As a consequence, if Ind T (r) stands for the weak stability index of
, we obtain that Ind T (r) = n + 2 when
when a j+1 r 2 < a j , with j 3, and
Proof of Theorem 1
We already know from [2] that Ind T (M ) = 0 for the totally umbilical spheres in S n+1 , and Ind T (M ) 1 for the rest of the constant mean curvature hypersurfaces of S n+1 . Our first objective now is to prove that, if the scalar curvature of M is constant (or equivalently, |A| 2 is constant), then Ind T (M ) n + 2 for any constant mean curvature hypersurface of S n+1 that is not totally umbilical. To see this, we need to find a subspace V of C
For a fixed arbitrary vector v ∈ R n+2 , we will work with the functions v = ψ, v and f v = N, v defined on M . Observe that their gradients are given by
where v ∈ X (M ) denotes the tangent component of v along the immersion ψ,
Therefore, for every X ∈ X (M ) we have
On the other hand, using the Codazzi equation,
since the mean curvature H is constant, and
When H = 0, then we take
In fact, it follows from (5) that the functions f v are eigenfunctions of J with negative eigenvalue −n and, since |A| 2 > 0 is constant, they also satisfy the condition M f v = 0 by (4). We also claim that dim V n + 2. Otherwise there would exist a unit vector v ∈ R n+2 such that f v = 0, which would imply that M is necessarily a totally geodesic equator of S n+1 (see the proof of [7, Lemma 3.1] ). Therefore, assume that H = 0 and consider test functions of the form v − αf v , where α ∈ R is a real constant. We will force the functions v − αf v to be eigenfunctions of J. From (3) and (5) we see that
Thus, if α is a solution of the quadratic equation
then we can easily see that v − αf v is an eigenfunction of J with eigenvalue λ = nHα − |A| 2 . Equation (6) has two different real roots,
, where
with corresponding values of λ given by
Observe that
Therefore, λ − and λ + are negative eigenvalues of J.
Then, Ju + λ ± u = 0 for every u ∈ U ± . Moreover, functions belonging to U ± also satisfy the condition M f = 0. To see this, observe that if u ∈ U ± , then ∆u + µ ± u = 0 with µ ± = n + |A| 2 + λ ± , that is,
That is, functions belonging to U ± are also nonconstant eigenfunctions of the Laplacian and then satisfy the condition M u = 0. It follows from here that
where the last equality comes from the fact that U − and U + are in fact L 2 -orthogonal subspaces because they are eigenspaces of the Laplacian associated to different eigenvalues. It remains to estimate dim U − and dim U + . To do that, consider the linear epimorphisms ϕ ± : R n+2 → U ± given by
Clearly, dim U ± = n + 2 − dim ker ϕ ± . We claim that ker ϕ − ∩ ker ϕ + = {0}. To see this, assume that there exists a unit vector v ∈ ker ϕ − ∩ ker ϕ + . Then
that is, (α + − α − ) v = 0 and equivalently v = 0, since α + − α − > 0. But this would mean that M is a totally geodesic equator of S n+1 , which is not possible. Summing up, ker ϕ − ∩ ker ϕ + = {0} and then dim ker ϕ − + dim ker ϕ + = dim(ker ϕ − ⊕ ker ϕ + ) n + 2, which gives
This finishes the proof of the inequality in (ii) of Theorem 1.
Assume now that equality holds, Ind T (M ) = n+2. Then dim(ker ϕ − ⊕ker ϕ + ) = n + 2, which means that R n+2 splits as a direct sum of its subspaces ker ϕ − and ker ϕ + , R n+2 = ker ϕ − ⊕ ker ϕ + . Then, at any point p ∈ M we have that the tangent space T p M splits also as a direct sum of two subspaces
where Notice that if for some point p 0 ∈ M it follows that either
, and p 0 would be an umbilical point, that is, |φ| 2 (p 0 ) = 0. But |φ| 2 being constant on M this implies that M would be totally umbilical, which is not possible because we are assuming Ind T (M ) = n + 2. Therefore, M has two constant principal curvatures −1/α − and −1/α + at any point. As a consequence, M is a compact hypersurface of S n+1 with two different and nonzero constant principal curvatures, and by a well-known rigidity result by Cartan (see, for instance, Chapter 3 in [4]) we conclude that M is a constant mean curvature Clifford torus of the form S k (r) × S n−k ( √ 1 − r 2 ) with radius 0 < r < 1. Finally, from our previous discussion about the values of Ind T (M ) in Section 2, we conclude that it must be k/(n + 2) r (k + 2)/(n + 2).
